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Abstract—We consider the problem of feedback control
design for wave energy converters in which the power
take-off system has a finite stroke limit. In particular, we
consider the situation in which the waves are modeled as
a stationary stochastic process with known spectrum, and
the wave energy converter dynamics can be approximated
as linear. For this scenario, we develop a technique for the
design of a discrete-time feedback controller for the power
take-off system. The design technique has three stages. In
the first stage, a linear feedback controller is optimized
for stationary power generation, while imposing a relaxed
version of the maximum stroke constraint on the design. In
the second stage, a supplemental nonlinear feedback loop
is proposed, for the purpose of stroke protection. In the
third stage, the two designs (linear and nonlinear) are fused
in a manner that preserves stability of the overall system.
The design technique is demonstrated on a simulation
of a simple cylindrical buoy. We further show, through
this example, that the nonlinear controller may be tuned
through the adjustment of a scalar parameter, which adjusts
the trade-off between mean generated power, and the force
levels required to protect the stroke.

Index Terms—Control, Discrete-time, Stochastic waves,
Stroke saturation

I. INTRODUCTION

WAVE energy converter (WEC) technologies have
been the subject of considerable research and

development for over half a century [1]–[10]. The ar-
ray of concepts that have been proposed is vast and
diverse, and defies the use of generalities. Nonetheless,
many of the more successful technologies can be char-
acterized by a mechanical structure comprised of mul-
tiple degrees of freedom, which responds dynamically
in the waves. In such systems, the power take-off (PTO)
system is embedded within this dynamically-excited
structure between two of its degrees of freedom, and
extracts power - either by hydraulic or electromechan-
ical means - by regulating the force it applies between
these degrees of freedom. In many cases, the PTO
hardware has only a finite distance over which it may
extend and contract, which we call a stroke limit [11]–
[15]. In such situations, the presence of this stroke limit
results in a constraint on the relative displacements
of the two degrees of freedom to which the PTO is
attached. If the PTO is not explicitly controlled to stay
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within these limits, collisions occur which we refer to
as stroke saturation.

Stroke saturation is undesirable for a few reasons.
Most importantly, it imposes impulsive loads on the
PTO hardware as well as the surrounding structure,
potentially resulting in damage or fatigue. Beyond the
prospect of damage, these dynamic effects can alter the
response of the WEC system in such a way as to be
detrimental to overall power generation performance.
This is especially true for situations in which the PTO
is actively controlled for maximal power generation,
and endowed with the ability to both absorb and inject
power. In such situations, the presence of unmod-
eled stroke saturation can destabilize an otherwise-
optimally controlled WEC.

In this paper we consider the design of controllers for
WECs with finite stroke, when subjected to stochastic
waves. In particular we consider causal control algo-
rithms; i.e., control laws that do not require future
wave loads to be known a priori (e.g., through pre-
view sensors) in order to make decisions. (Note that
this notion of causality does not, however, preclude
the control algorithm from making predictions about
future behavior based on past and present informa-
tion.) In the absence of stroke limits on the WEC PTO
hardware, and when linear response can be assumed,
optimal causal control design for this class of problems
is straight-forward. Specifically, it constitutes a spe-
cial case of Linear Quadratic Gaussian (LQG) control,
which may be solved in closed form in terms of a
WEC’s state space dynamic model [16]. However, the
presence of stroke limits complicates the control design
significantly, when stochastic waves are assumed. A
further challenge in the control design problem arises,
when it is necessary to implement causal control algo-
rithms in discrete-time.

We present a technique for discrete-time control of
WECs with finite stroke, which is based on multi-
objective optimal control, as well as passivity theory.
The design technique is comprised of several com-
ponents which can be designed in sequence. First,
an optimal linear LQG controller is designed which
accommodates a weakened, time-averaged version of
the stroke limit constraint. This first design component
makes use of multi-objective optimal control theory,
and is cast in the context of a semidefinite program.
Second, this controller is nested inside a nonlinear
passive feedback law that protects the stroke from satu-
ration. This stage makes use of nonlinear passivity the-
ory. Third, the two components are integrated together
in a very specific way which guarantees mean-square
stability in stationary response. In prior work (i.e.,
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Fig. 1. Block diagram of linear dynamic model for controlled WEC.

[17], [18]), the authors have presented a variant of this
general technique which is applicable to continuous-
time systems. In the present paper, the technique is
developed explicitly for control algorithms that must
be implemented in discrete-time; a restriction which
introduces an added layer of complexity.

The paper is organized as follows. Section II details
the manner in which we model a WEC for the purposes
of discrete-time control for optimal power generation.
Section III illustrates the first step in the control design
methodology, involving the optimization of a linear
control law. Section IV illustrates the second and third
steps, involving nonlinear passivity-based control. Fi-
nally, Section V contains a simulation example that
illustrates the main features of the methodology on a
simple heaving buoy point absorber model.

II. DYNAMIC MODELING

A. Continuous-time dynamic model
With reference to Figure 1, let d(t) be the displace-

ment of the PTO, and v(t) = d
dtd(t) be the correspond-

ing extension velocity. Let u(t) be the corresponding
PTO force. For this analysis we presume u(t) can be
controlled with high-bandwidth by the WEC control
system, and therefore consider it to be the control input
to the system. Let f(t) be the vector of forces on the
various degrees of freedom of the WEC due to the
propagation of incident waves, characterized by the
free-surface elevation a(t) at a fixed location relative
to the WEC. Then in the frequency domain we have
that

v̂(jω) = Zfv(jω)f̂(jω) + Zuv(jω)û(jω) (1)

where Zfv(s) and Zuv(s) are causal transfer functions
characterizing the linear WEC dynamics, and where
the “hat” accent denotes the Fourier transform. These
linear transfer functions are obtained from a hydro-
dynamic analysis of the WEC, either via the use of
analytical solutions to the hydrodynamic coefficients
(for simple WEC geometries) or via numerical analysis
[6].

We assume the free surface elevation to be a stochas-
tic process with power spectral density Sa(ω), with the
convention that the autocorrelation of the free-surface
elevation is related to Sa(ω) via the inverse Fourier
transform; i.e.,

Ea(t)a(t+ τ) =
1

2π

∫ ∞
−∞

ejωτSa(ω)dω (2)

We further assume that the free surface elevation pro-
duces wave force f in the frequency domain via

f̂(jω) = Fa(jω)â(jω) (3)

where Fa(jω) is the (non-causal) linear transfer func-
tion characterizing the linear hydrodynamic excitation.
It follows from these assumptions that the incident
wave force may be viewed as a stochastic process with
power spectral density

Sf (jω) = Fa(jω)Sa(ω)FTa (−jω) (4)

We note that the above result is unaffected by the non-
causality of Fa(jω).

Regarding the continuous-time model, we make
three additional assumptions which must be true in
order for the model to be consistent with physical
insight.

1) Firstly, we require that Zuv(s) be positive-real; i.e.,
we require that it be analytic in the open right-
half plane, with the condition

Zuv(σ + jω) + ZTuv(σ − jω) > 0 (5)

for all σ > 0. This condition is true if and only
if the mapping u 7→ v is passive [19], which
is imposed by the thermodynamics of the WEC
system.

2) Secondly, we require that Zuv(s) have bounded
gain; i.e., we require that

sup
ω∈R
‖Zuv(jω)‖ <∞ (6)

Loosely speaking, this is equivalent to requiring
that the WEC system must be such that the
mapping u 7→ v has bounded gain at resonance,
contains no rigid body modes, and contains no
ideal derivatives.

3) Thirdly, we assume that the mappings u 7→ d
and f 7→ d have bounded gain in the frequency
domain. Recognizing that d(t) is the integral of
v(t), this is equivalent to requiring that

sup
ω∈R

∥∥∥ 1
jωZuv(jω)

∥∥∥ <∞ (7)

sup
ω∈R

∥∥∥ 1
jωZfv(jω)

∥∥∥ <∞ (8)

Loosely speaking, this is equivalent to requiring
that the response of the WEC PTO displacement
remains bounded in open-loop, for all bounded
inputs.

In the sequel, we will refer to the above three assump-
tions as A1, A2, and A3.

B. Discrete-time dynamic model
We assume that u(t) is controlled in discrete-time,

via a zero-order-hold convention; i.e.,

u(t) = uk, t ∈ [kT, (k + 1)T ) (9)

where T is the sample time and k is the discrete time
index. We similarly refer to other output signals sam-
pled at time t = kT with a subscript k; i.e., vk = v(kT ),
dk = d(kT ), etc.
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We assume that the dissipation in the power train
of the WEC can be adequately modeled as a quadratic
function of the PTO force; i.e.,

pdiss(t) = uT (t)C−1u(t) (10)

where C is a matrix with units of viscous damping.
Let pk be the average power generation over interval
t ∈ [kT, (k + 1)T ). Then due to the zero-order-hold
convention, we have that

pk = 1
T

∫ (k+1)T

kT

[
−uT (t)v(t)− pdiss(t)

]
dt (11)

=− 1
T u

T
kC
−1uk − uTk 1

T

∫ (k+1)T

kT

v(t)dt (12)

=− uTkRuk − uTk 1
T (dk+1 − dk) (13)

where R , C−1. Letting

qk , 1
T (dk+1 − dk) , (14)

we have that

pk = −uTkRuk − uTk qk (15)

Let the z-transforms of the discrete-time sampled
variables be denoted by overbars; i.e., for discrete-time
signal qk,

q̄(z) =
∞∑

k=−∞

z−kqk (16)

Then following the methodology outlined in [20], the
linear dynamics of the WEC as described above are
equivalent to the discrete time system

q̄(z) = Hwq(z)w̄(z) +Huq(z)ū(z) (17)

where {wk, k ∈ Z} is an independent, identically dis-
tributed Gaussian stochastic sequence with Ewk = 0
and EwkwTk = I . Transfer function Huq(z) is solved in
the frequency domain (i.e., for z = ejΩ, Ω ∈ [−π, π])
via

Huq(e
jΩ) =

∞∑
`=−∞

Zuv(jω) sn (ωT/2)
2
∣∣∣
ω=Ω/T+2π`/T

(18)
with the transfer function Huq(z) obtained from the
frequency-domain solution as the analytic continuation
for all |z| > 1. Meanwhile, transfer function Hwq(z) is
found by first finding the discrete-time power spectral
density

Σwq(jΩ) =
∞∑

`=−∞

1

T
Zfv(jω)Sf (jω)

× ZTfv(−jω) sn(ωT/2)2
∣∣
ω=Ω/T+2π`/T

(19)

Then, from Σwq , transfer function Hwq(z) is its unique
minimum-phase spectral factorization, found as the
solution to

Σwq(jΩ) = Hwq(e
jΩ)Hwq(e

−jΩ)T (20)

We note that for the discrete-time system model,
three respective properties are inherited from Assump-
tions A1, A2, and A3:

1) Huq(z) is positive-real in discrete-time; i.e., it is
analytic in the open region of the complex plane
exterior to the unit disk, and

Huq(βe
jΩ) +Huq(βe

−jΩ)T > 0 (21)

for all β ∈ R with |β| > 1.
2) Huq(z) has bounded gain; i.e.,

sup
Ω∈[−π,π]

‖Huq(e
jΩ)‖ <∞ (22)

3) Huq(z) and Hwq(z) have zeros at the z = 1; i.e.,

lim
z→1

Huq(z) =0 (23)

lim
z→1

Hwq(z) =0 (24)

C. Finite-dimensional discrete-time model
We assume that Huq and Hwq have been approx-

imated as finite-dimensional linear discrete-time sys-
tems, using a system identification technique. For ex-
ample, in [16] subspace techniques are used to identify
Huq . In [20], Hwq is identified using the subspace spec-
tral factorization technique described in [21]. The same
procedures are used in the present paper, resulting in
the discrete-time model we shall use for the remainder
of the paper:

xk+1 =Axk +Bwwk +Buuk (25)
qk =Cqxk +Dwqwk +Duquk (26)

We assume that the identified realization is minimal;
i.e., that all uncontrollable or unobservable modes have
been eliminated.

We assume that in approximating the system via a
finite dimensional state space, the identification of the
model parameters has been constrained such that the
properties inherited from Assumptions A1, A2, and A3
still hold for finite-dimensional approximations

Huq(z) ≈ Cq[zI −A]−1Bq +Duq (27)
Hwq(z) ≈ Cq[zI −A]−1Bw +Dwq (28)

In terms of the finite-dimensional state space parame-
ters, this implies the following properties:

1) Theorem 1: [19] Let Cq[zI − A]−1Bq + Duq be
positive-real and define R̃ , R + 1

2Duq + 1
2D

T
uq .

Then if R̃ > 0 then the Riccati equation

W = ATWA+ FT
(
R̃−BTuWBu

)
F (29)

with

F , −
(
R̃−BTuWBu

)−1 (
1
2C

T
q −ATWBu

)T
(30)

has a unique solution for which the matrix A +
BuF is asymptotically stable.

2) Matrix A is asymptotically stable in discrete time;
i.e., its eigenvalues lie exclusively within the open
unit disk in the complex plane.

3) Huq(z) and Hwq(z) have zeros at the origin, im-
plying that

Duq + Cq [I −A]
−1
Bu =0 (31)

Dwq + Cq [I −A]
−1
Bw =0 (32)
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Note that for this model, it is the case that

dk+1 =d0 + T
k∑
i=0

qi (33)

=d0 + T
k∑
i=0

Cqxi +Dwwi +Dqui (34)

which, using the consequence of assumption A3 above,
implies

dk+1 =d0 + TCq[I −A]−1
k∑
i=0

(xi −Axi −Bwwi −Buui)

(35)

=d0 + TCq[I −A]−1
k∑
i=0

(xi − xi+1) (36)

=d0 + TCq[I −A]−1x0 − TCq[I −A]−1xk+1 (37)

Assuming the system is initiated at a zero initial state
at k = 0, then it follows that

dk = Cdxk (38)

where Cd , −TCq[I −A]−1.

III. OPTIMAL LINEAR CONTROL DESIGN WITH
MEAN-SQUARE STROKE CONSTRAINTS

We wish to design a feedback law K : d 7→ u which
maximizes the mean power generation p̄ , Ep, with
the expectation evaluated in stationary response. In
this section we begin with the design of a linear con-
troller, which while not explicitly enforcing the stroke
constraints at every time, enforces them in a mean-
square sense. In the next section we will then design
a nonlinear controller, based on this linear design,
which does enforce the stroke constraints at every time,
explicitly.

To be more specific, suppose that the true stroke
limit of the PTO is dm; i.e., the condition |d(t)| 6 dm
must be enforced. In order to enforce this explicitly,
nonlinear control is required. In this section, we replace
this condition with a more relaxed one, which places a
constraint on the mean-square value of the stroke; i.e.,
on the quantity

sd , Ed2 (39)

with the expectation taken in stationarity.
Specifically, our constraint will be of the form

sd 6 1
4d

2
m (40)

To see why this specific condition is to be imposed,
consider the distribution on the peaks of d(t). For nar-
row to moderate band processes, this distribution for
a particular peak ψ can be approximated as a Rayleigh
distribution, with cumulative distribution function

P [ψ 6 ψ0] = 1− exp
{
−ψ2

0/2sd
}

(41)

As such, constraining sd as in (39) ensures that the
probability of a given peak being in violation of the
stroke constraint for the linear controller is approxi-
mately e−2 ≈ 0.14. As such, it ensures that the linear
controller will render most peaks within the stroke

limit, with only the outliers needing to be dealt with
via nonlinear control.

For the linear control design, we consider finite-
dimensional time-invariant controllers, which can be
parametrized by matrices {AK , BK , CK} in the feed-
back form

ξk+1 =AKξk +BKdk (42)
uk =CKξk (43)

This results in an augmented closed-loop system

χk+1 =Aclχk +Bwclwk (44)
qk =Cqclχk +Dqclwk (45)
dk =Cdclχk (46)
uk =Cuclχk (47)

where

Acl =

[
A BuCK

BKCd AK

]
(48)

Bwcl =

[
Bw
0

]
(49)

Cqcl =
[
Cq DuqCK

]
(50)

Dqcl =Dwq (51)
Cdcl =

[
Cd 0

]
(52)

Cucl =
[
0 CK

]
(53)

We then consider the following optimization prob-
lem:

Given: A,Bw, Bu, Cq, Dwq, Duq, Cd
Maximize: p̄ , Ep
Constraint: sd <

1
4d

2
m

Over: AK , BK , CK

(54)

where in the above problem, the expectations are taken
in stationarity.

To perform this optimization, we need the following
theorem:

Theorem 2: [22] For any linear feedback parameters
{AK , BK , CK} which stabilize the closed-loop system,

p̄ = p̄0 − E
{

(u− Fx)
T

∆ (u− Fx)
}

(55)

where F is as in (30),

p0 , tr{BTwWBw} (56)

and ∆ , R̃−BTuWBu.
Using the above theorem, it follows that the max-

imization of average generated power is equivalent
to the minimization of the second term on the right-
hand side of (55), which is positive semidefinite. In
particular, it leads to the following result:

Theorem 3: Control parameters {AK , BK , CK} result
in the mean power generation bound p̄ > γ and mean-
square stroke bound sd <

1
4d

2
m, for some γ ∈ R, if and

only if there exists a matrix S = ST > 0 such that

S −AclSATcl −BwclBTwcl > 0 (57)

(Fcl − Cucl)S (Fcl − Cucl)T < p̄0 − γ (58)

CdclSC
T
dcl <

1
4d

2
m (59)

where Fcl ,
[
F 0

]
.
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Proof: Let Σ = EχχT . Then Σ is the solution to
Lyapunov equation

AclΣA
T
cl − Σ +BwclB

T
wcl = 0 (60)

and the existence of closed-loop stationarity implies
that Σ > 0 and that Acl is asymptotically stable
in discrete-time. The corresponding power generation
performance is then as in (55), i.e.,

p̄ = p̄0 − (Fcl − Cucl) Σ (Fcl − Cucl)T (61)

Now, let S be the solution to

AclSA
T
cl − S +BwclB

T
wcl = −εI (62)

for some ε > 0. It follows that

Acl(S − Σ)ATcl − (S − Σ) = −εI (63)

which, due to the asymptotic stability of Acl implies
that S − Σ > 0. As a result, we have that

γ ,p̄0 − (Fcl − Cucl)S (Fcl − Cucl)T (64)
=p̄− δ (65)

where

δ = (Fcl − Cucl) (S − Σ) (Fcl − Cucl)T (66)

By making ε arbitrarily small, δ can be made arbitrarily
small and consequently γ can be made to approach p̄
from below. A similar argument can be made for the
constraint on sd, and noting that

sd = CdclΣC
T
dcl (67)

This proves necessity.
To prove sufficiency, we note that if S = ST > 0

satisfies (57) then Acl must be asymptotically stable,
implying the existence of a stationary solution to Σ =
EχχT > 0 satisfying (60). We then have that S − Σ
satisfies

Acl(S − Σ)ATcl − (S − Σ) < 0 (68)

which, due to the asymptotic stability of Acl implies
that S−Σ > 0. This guarantees that δ > 0 and thus that
p̄ < γ. It similarly guarantees that Cdcl(S −Σ)CTdcl > 0,
and consequently that 1

4d
2
m > sd. �

This theorem is useful because it leads to a convex
characterization of the problem, as shown below. That
this result follows from Theorem 3 is a direct result of
methodologies put forth in [23], and consequently in
the interest of brevity we omit the proof here.

Theorem 4: There exists a set of control parameters
{AK , BK , CK} resulting in mean power generation
bound p̄ > γ and mean-square stroke bound sd <

1
4d

2
m,

for some γ ∈ R, if and only if there exist matrices
X = XT > 0, Y = Y T > 0 Â, B̂, and Ĉ such that

X I AX +BuĈ

I Y Â

XAT + ĈTBTu ÂT X

AT ATY + CTd B̂
T I

BTw BTwY 0

A Bw
Y A+ B̂Cd Y Bw

I 0
Y 0
0 I

 >0 (69)

 p0 − γ FX − Ĉ F

XFT − ĈT X I
FT I Y

 >0 (70)

 1
4d

2
m CdX Cd

XCTd X I
CTd I Y

 >0 (71)

One such controller can be found as

AK =N−1
(
Â− B̂CdX − Y BuĈ − Y AX

)
M−T (72)

BK =N−1B̂ (73)

CK =ĈM−T (74)

where M and N are any matrices such that MNT =
I −XY .

The above theorem provides a convex domain over
which to optimize a linear controller. Specifically, the
optimal control problem from (54) becomes, equiva-
lently,

Given: A,Bw, Bu, Cq, Dwq, Duq, Cd, dm
Maximize: γ
Constraints: (69), (70), (71)
Over: X = XT , Y = Y T , Â, B̂, Ĉ, γ

(75)

IV. NONLINEAR STROKE PROTECTION LOOP

Consider the feedback architecture as shown in Fig-
ure 2, in which the linear controller K optimized
in the previous section is augmented with nonlinear
feedback. The consequence of this is a total PTO force
at time k which is a summation of the linear and
nonlinear parts; i.e.,

uk = u`k + unk (76)

where the linear control force u`k is designed as in the
previous section; i.e.,

u`k = CKξk (77)

We may therefore view the nonlinear control loop as
introducing a supplemental restoring force unk which
modifies the optimized linear feedback, when neces-
sary, to prevent stroke saturation.

As shown, this nonlinear control loop consists of two
components. The first of these is a one-step-ahead pre-
dictor, which forecasts the displacement that will result
at discrete time k + 1 (i.e., dk+1) assuming only the
linear control force is applied; i.e., assuming uk = u`k.
This forecast is made using the values of y and u up to
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and including discrete-time k. We denote this forecast
as δk.

The second part of the nonlinear control loop is the
nonlinear function unk = Φ(δk), which acts as a kind
of discrete-time “hard spring,” producing a significant
decelerative force when necessary. To illustrate the
qualitative manner in which this is done, consider
Figure 3, which shows a hypothetical time history for
several discrete time steps over which dk approaches
its maximum allowable stroke dm. As shown, the one-
step-ahead predictor produces a forecast, at time k, of
where dk+1 will be if unk is made equal to 0. When
this forecast has a magnitude well below dm, the PTO
stroke is deemed to be within its “safe zone” and
unk = 0. However, when the forecast has a magnitude
above some threshold βdm, for β < 1 equal to some
safety factor (say, 0.9), the PTO stroke is deemed to be
exiting its safe zone, triggering the nonlinear control
loop to issue a corrective force to reverse its direction.

dk+1 =dk + Tqk (78)
=dk + T (Cqxk +Duquk +Dwqwk) (79)

We assume that at time k, the information that is
known to the controller is comprised of

Ik = {dk, uk, dk−1, uk−1, dk−2, uk−2, ....} (80)

Let the conditional expectation for xk, given this infor-
mation, be denoted x̂k; i.e.,

x̂k , E {xk|Ik} (81)

Then it is a fact that x̂k is found recursively in time via
the Kalman filter; i.e.,

x̂k+1 = [A+ LCq] x̂k − Lqk +Buuk (82)

where the Kalman gain L is

L = −ASCTq
[
CqSC

T
q +DwqD

T
wq

]−1
(83)

and where the matrix S = ST is the solution to discrete-
time Riccati equation

S = ASAT+BwB
T
w−ASCTq

[
CqSC

T
q +DwqD

T
wq

]−1
CqSA

T

(84)
We therefore have that

E {dk+1|Ik} = dk + T (Cqx̂k +Duquk) (85)

The forecasted displacement δk is the expected value of
dk+1 for the specific case where the control input uk is
chosen as the linear control input only; i.e., uk = CKξk,
so

δk = dk + T (Cqx̂k +DuqCKξk) (86)

Consequently, the expectation of the true displacement
and the forecast can be related via

E {dk+1|Ik} = δk + TDuqu
n
k (87)

The nonlinear function Φ(·) is designed to bring
about a direction reversal of the one-step-ahead fore-
cast δk, such that it remains inside the safe zone. To
do this we note that if Φ(δk) 6= 0 then this implies
that |δk| > βdm. We seek the nonlinear control force unk
which will result in

|E {dk+1|Ik}| = βdm (88)

In other words, we require that

δk + TDuqu
n
k = βdm sgn(δk) (89)

resulting in the nonlinear feedback law Φ(·) as

Φ(δk) =

{
0 : |δk| < βdm
Γ (βdm − |δk|) sgn(δk) : |δk| > βdm

(90)
where

Γ =
1

TDuq
(91)

D. One-step-ahead predictor design

First note that

E. Nonlinearity design
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The nonlinear control loop shown in Figure 2 has
the advantage of being heuristic and therefore straight-
forward to conceptualize, but in general it cannot be
implemented without modification. This is because in
many situations (including the example in this paper)
the nonlinear feedback loop interacts with the linear
controller in such a way as to destabilize the closed-
loop system. In order to implement the technique,
stability must be recovered.

To do this, we first note that the nature of the feed-
back function Φ(·), as formulated here, has the special
property of passivity, as illustrated in the lemma below.
The proof of this lemma is lengthy, and consequently
is omitted here in the interest of brevity.

Lemma 1: The feedback function Φ(δk) in (90) has the
property that it is mean-square passive with respect to
the q; i.e., for all N > 0, and with d0 = 0, there exists
a constant β such that

E

{
1

N

N∑
k=0

Φ(δk)qk

}
6 β (92)

for any Γ in the range

Γ ∈
[
0,

1

TDuq

]
(93)

The above lemma is important because of the fol-
lowing theorem, which is a standard result from robust
control. Its proof can be found in numerous standard
references (e.g., [24]) and consequently will be omitted
here in the interest of brevity.

Theorem 5: If unk is mean-square passive with respect
to qk, and if the transfer function unk 7→ q is positive
real, then the closed loop interconnection of the two
mappings is stable.

From the above theorem, we conclude that if the
control architecture from Figure 2 is modified such
that un 7→ q is positive real, then closed-loop stability
is assured. This can be facilitated by the inclusion of
an extra signal path which feeds unk back into the
linear control loop, as shown in Figure 4. As shown,
this new control architecture involves the design of an
additional input matrix Bn which must be designed to
bring about positive-realness of the mapping un 7→ q;
i.e., of the transfer function

Gnq(z) = Cqcl [zI −Acl]−1

[
Bu
Bn

]
+Duq (94)

In other words, we require that for all Ω ∈ [−π, π],

Gnq(e
jΩ) +GTnq(e

−jΩ) > 0 (95)

By the Positive-real Lemma (shown below), this condi-
tion may be made equivalent to an algebraic condition
on Bn.

Lemma 2: [25] Condition (95) is true if and only if
there exists a matrix S = ST > 0 such that AclSA

T
cl − S AclSC

T
qcl −

[
Bu
Bn

]
CTqclSA

T
cl −

[
Bu
Bn

]T
CqclSC

T
qcl −Duq −DT

uq

 6 0

(96)

d u

uℓ

un

ξ

δ

B
K

B
n

C
K

Φ

linear feedback loop

nonlinear feedback loop

one-step-
ahead 
predictor

z-1I

-A
K

Fig. 4. Block diagram of linear and nonlinear control loops, with
coupling matrix Bn.

Lemma 2 is important because it gives us a con-
strained domain over which to optimize Bn. However,
it is somewhat unclear how to best determine which
Bn, out of all those satisfying (96), is the “optimal”
one. In other related studies, the authors have chosen
the Bn which optimized the first nonzero Markov
parameter for the closed loop system [17], as well as
choosing the Bn that minimizes the degree to which
un excites the linear controller states [18]. However,
in the present application it was found that a simpler
technique performed at least as well, consisting of the
following optimization:

Given: Acl, Bu, Cqcl, Duq

Maximize: CqclSC
T
qcl

Constraints: (96), S > 0
Over: S = ST , Bn

(97)

The formulation of nonlinear feedback law Φ(·), as
in (90), has the advantage of being heuristic. It is
reasonably straight-forward to understand how the
feedback law makes use of a one-step-ahead forecast
in order to facilitate stroke protection. However, there
are certain advantages to generalizing the nonlinear
feedback law beyond that shown in (90).

Specifically, it is straight-forward to show that all
the results on stability in Section IV-C still hold if Φ(·)
is generalized by still implementing equation (90), but
redefining δk from (86), to

δk = dk + (T + τ) (Cqx̂k +DuqCKξk) (98)

where τ > 0 can be chosen as any nonnegative value.
Indeed, this makes the stroke protection algorithm
more cautious. More importantly, though, raising the
value of τ reduces the magnitude of the nonlinear
forces unk . As we shall see in the example in the next
section, this comes at the expense of lower power
generation with higher τ .

With δk redefined as in (98), the value of Γ in (90)
must also be changed to assure stability. In this case,
(90) is guaranteed to be passive with respect to q, for
Γ in the range

Γ ∈
[
0,

1

Duq(T + τ)

]
(99)

Although the value in (91) at the upper end of this
range works very effectively in theory, in practice the

F. Stabilization

G. Generalizing the nonlinearity
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PTO

buoy

.5m

1.5m

20m

Fig. 5. Buoy-type WEC considered in the example.
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Fig. 6. Bode plot for Zuv and Zfv .

implementation of this value may result in instability
due to uncertainty in Duq or T . As such, a value should
be chosen which is the maximal value such that (99)
can be assured, even in the presence of uncertainty.

V. EXAMPLE

To demonstrate the control methodology described
in the previous sections, we consider the small cylin-
drical buoy-type WEC shown in Figure 5. We assume
the buoy is constrained to motion in heave. The mass of
the buoy is 295kg, the diameter is 0.5m, and the draft is
1.5m. Bode plots for hydrodynamic transfer functions
Zuv and Zfv are shown in Figure 6. (In this example,
these two transfer functions are the same.)

We assume the maximum stroke of the bottom-
mounted PTO is 1m. To model the PTO transmission
losses, we assume a loss model as in (10), with C =
1.5× 106kg/s.

We assume the wave amplitude spectrum is a
Pierson-Moskowitz spectrum [26] with a significant
wave height of 1m, and a peak wave period of 9s.

We assume a sample time of T = 0.1s. For this
case, Figure 7 shows the original infinite-dimensional
discrete-time transfer function Huq(e

jΩ) (as derived
in (18)), as well as its finite-dimensional approxima-
tion (as in (27)). Figure 8 shows the original infinite-
dimensional discrete-time spectrum for Σwq(jΩ) (as in
(19)), as well as its finite-dimensional approximation
(as in (20) and (28)). We note that the total dimension
of the discrete-time state space used to model these
dynamics was 18.
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Fig. 7. Bode diagrams for infinite-dimensional Huq (solid), as well
as its finite-dimensional approximation (dash).
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Fig. 8. Infinite-dimensional discrete-time force spectrum Σwq(jΩ)
(solid), as well as the spectrum for its finite-dimensional approxima-
tion (dash).

For this case, the causal limit on the power that
can be generated at this sample rate can be found via
(56) to be 1490kW. However, this causal limit does
not take the stroke limit into consideration, and is
therefore considerably higher than the power that can
be generated by the system under stroke constraints.

First we consider the linear control design described
in Section III. In this case, we have an optimal linear
performance (i.e., the maximized value of γ in opti-
mization (75)) is 229kW. At this performance, the stroke
covariance is equal to its constrained upper limit of
1
4d

2
m. It is also interesting to note that the optimal linear

feedback controller in this case is open-loop unstable.
Figure 9 shows transient plots for the stroke, force,

and power, for one hour of data. Note that to achieve
the optimal average power generation requires that the
PTO be capable of bidirectional power flow. Also note
that the relaxed stroke constraint has accomplished its
desired goal, with the majority (but not all) of the
displacement peaks occurring at displacements less
than 1m.

H. Performance of optimized linear controller
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Fig. 9. Transient responses for linear control design with relaxed
stroke constraint: PTO displacement d (top), PTO force u (middle),
and generated power p (bottom).

To design the nonlinear controller, we take the pa-
rameter β (which determines the size of the safe zone
in Figure 3 to be 0.9. To begin with, we consider the
case in which the the nonlinear feedback law is chosen
as in (90) with δk determined as in (86); i.e., we set the
generalized parameter τ = 0. We also presume Γ to be
chosen as in (91).

For this scenario, Figure 10 shows the PTO displace-
ment, force, and power for one hour of simulation
time. As shown, the maximum stroke is maintained
at dm = 1m. Performance in this case is degraded
somewhat, relative to the linear control design, with
an average power generation of 204kW. However, we
note that this amounts to only a 10% reduction in
performance, which may be viewed as an acceptable
compromise for stroke protection. Also note that, in
order to protect the stroke, the controller applies very
high PTO forces (and, consequently, high absorptive
power levels) during periods when the stroke ap-
proaches its maximum allowable value.

It may be that in practice, the extremely high PTO
forces in Figure 10 are impractical for a realistic system.
In this case, the impulsive nature of the control force
can be ameliorated by increasing the value of τ to
something well above zero. To illustrate this, consider
Figure 11, which shows transient responses for τ values
of T , 10T , and 100T . We see that clearly, even with
τ = 10T , the impulses are virtually eliminated, while
still providing (even more cautious) protection of the
stroke. The tradeoff here is that by increasing τ one
also must accept lower power generation performance.
Specifically, the mean power generated for the three
cases in the figure are 209, 187, and 45.4 kW, respec-
tively.
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Fig. 10. Transient responses for linear control design with nonlinear
stroke protection, with τ = 0: PTO displacement d (top), PTO force
u (middle), and generated power p (bottom).
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Fig. 11. PTO displacement (left) and force (right) trajectories for τ
values of T (top), 10T (middle), and 100T .

VI. CONCLUSIONS

The technique illustrated in this paper may be of
value in the design of feedback controllers for WECs
in which stroke saturation is a defining feature. The
primary contribution of the paper has been to illustrate
the manner in which the technique can be applied to
discrete-time control systems, using a one-step-ahead
predictor in conjunction with a nonlinear feedback law.
Although the technique was demonstrated on a simple
heaving buoy, the mathematical generality in which the
ideas have been presented may make the technique
applicable in many more WEC applications.
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