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Weakly nonlinear theory of an array of surging

wave energy converters with curved geometry

Simone Michele, Emiliano Renzi and Paolo Sammarco

Abstract—We analyse the effect of gate surface
curvature on the nonlinear dynamics of an array of surge-
type wave energy converters (WECs) in a channel. Using an
asymptotic expansion up to the third order, we show the
occurrence of new detuning and damping coefficients in
the Ginzburg-Landau evolution equation, which are not
present in the case of flat surging WECs. The occurrence of
nonlinear synchronous resonance by monochromatic
incident waves with small amplitude and frequency equal
to the trapped-mode eigenfrequency is shown. Unlike the
case of flat WECs or linear theories, synchronous excitation
is now possible because of interactions between the wave
field and the curved WEC’s surface at higher orders.
Finally, the effects of the power take-off (PTO) device on
the generated power and the global response of the array
are studied. We obtain that nonlinear synchronous
resonance can be substantial for design purposes.

interaction,

Keywords—Resonance, = wave-structure

nonlinear theory.

L. INTRODUCTION

N this paper we examine the synchronous nonlinear
resonant excitation of an array of curved surge-type
wave energy converters (WECs) in a semi-infinite long

channel. Surge-type WECs are among the most efficient
and promising devices to capture energy from ocean
waves. Such bodies oscillate under the action of incident
waves and are capable of producing energy with
potentially large efficiency. For an extensive review we
refer to [1]-[2].
modelling of surge-type devices is vast and deeply
developed by several authors [3]-[11]. Works on
experimental analysis [12] and numerical investigations
[13] are available as well.

A large part of the theoretical models developed so far
on the dynamics of surging WECs neglect nonlinear
interactions between water waves and oscillating bodjies.
This can be unjustified when trapped array modes are
resonantly excited by normally incident waves with small
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Indeed, [14] recently showed that subharmonic resonance
and mode competition of trapped modes significantly
increase energy extraction efficiency of an array of gate-
type devices. Furthermore, recent studies on curved flap-
type gates suggest that using curved structure could
further improve the economics of WECs by maximizing
wave power extraction in non-resonant configurations
[15]. Motivated by these new developments, in this work
we analyze the effect of gate surface curvature on the
synchronous nonlinear resonant dynamics of an array of
surging WECs.

We show that a small horizontal deviation of the gate
surface produces significant changes in the behaviour of
the system. Using an asymptotic expansion up to the
third order, the nonlinear governing equations is
decomposed in a sequence of linearized boundary-value
problems of order n and harmonic m [3]. Gate shape
effects resonate the first harmonic at the second order, so
that three timing with a slow time scale and a super-slow
time scale is necessary to avoid secularity [16].

Here we consider the synchronous excitation of a
single mode by monochromatic waves with small
amplitude and corresponding to the
eigenfrequency of the trapped mode. A
phenomenon can be found in the context of edge waves
[17]. Products between the gate shape function and the
second-order terms that force the first harmonic at the
third order are obtained. We derive the corresponding
complex nonlinear evolution equation of the Ginzburg-
Landau type [18]-[19], which describes the time evolution
of the resonated trapped mode amplitude. Such an
equation is more complicated than that already studied
by [14], because it includes new terms which depend on
the shape array function. We then characterise the

frequency
similar

occurrence of stable and unstable branches for the
equilibrium fixed points and show that large damping
removes instability.

We remark that this nonlinear excitation is not possible
for flat WECs, because in that case the evolution equation
would be damped and unforced. We finally show that
synchronous resonance yields constructive interactions
that can be substantial for design purposes.

IL. NONLINEAR GOVERNING EQUATIONS

With reference to Fig.l, consider a semi-infinite
channel of constant depth h' and width b'. Define a
Cartesian reference system (x',y’,z") with the horizontal
x" and y’-axes lying on the undisturbed free surface level
and the z’ axis pointing vertically upward. Primes above
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Fig. 1. Plan geometry and side view of the system. Each body is connected with a vertical back wall through a spring-damper (PTO) system

in parallel.

the variables indicate physical quantities. At x" = 0 rests
an array of surge-type WECs, each with mass M’ and
width a’, allowed to oscillate horizontally (surge) along
the channel without bottom friction, under the action of
incident monochromatic waves.

The choice of a surging WEC device simplifies the
algebra but does not change the mathematical structure
of problems involving, for example, devices installed in a
breakwater. In this last case, the breakwater need to be
properly designed to trigger nonlinear resonances.

Each WEC is connected to the channel back wall by a
spring-PTO/damper system operating in parallel. The
spring has elastic constant C’, while the PTO has constant
coefficient v/, and exerts a force proportional to the gate
horizontal velocity. Let us assume incoming waves from
x' = 400, normally incident to the gates. Let G,, 4=1,...,Q,
denotes the gqth gate and X', be the
displacement of G, in the x" direction. Then we can define
X', t)={X"1(t),...X'o(t)} as the piece-wise
displacement function of the entire array. The fluid is
assumed to be inviscid and incompressible and the flow
irrotational. Hence, the velocity potential ®(x',y’,z’,t")
satisfies the Laplace equation in the fluid domain (2. The
position of the wetted gate surface is described by the
following equation

horizontal

x' —X' -6 =0, (1)

where §' denotes the deviation of the array surface from
the vertical plane x’ = 0. Let A7 be the scale of the free-
surface trapped oscillations, A' the wavelength, w’the
eigenfrequency of the natural mode and g’ the
acceleration due to gravity. Then introduce the following
non-dimensional quantities:

(xl’yl, Zl) gl
(x,y,2) = T ,G = L
¢I Zl

T D T
(@b, h) = (a',b',h") X' 6’

)X = l6 = )
A" A’T 8’g

t=w't) )

where {' is the free surface elevation, & g the length scale
for 8’ and G the non-dimensional eigenfrequency of order

0(1). Let the following length ratios be much smaller
than unity:

E=Alp /N ~ 8N < 1, 3)

Since the partial derivatives of §' with respect to the
coordinates y’,z’ are of order 0(e), the latter assumptions
imply that the shape of the array must be smooth and
regular.

Using the dimensionless variables (2)-(3), we derive the
following governing equation,
conditions and equation of motion in non-dimensional
form. The Laplace and Bernoulli equations in the fluid
domain are, respectively,

nonlinear

boundary

V2 =0, 4)
! oD 1
_—p'ar))’z/v = Gz+eﬁ+32§|v¢|2, 3)

where p’ is the fluid density. The dynamic and mixed
boundary conditions on the free surface are given by

G _aq>+ 1|Vc1>|2 = (6)

(_ at 82 ] Z_EZ)

32¢+ a(D+ a|vq>|2+ 21VCI> V|VD|?

otz "9z T8 T8 2 )
=0, z = ¢,

while the no-flux conditions at the bottom and channel
walls require

oD

_—= = — 8

e 0, z h, ®
aCI)—0 =0 =b 9
ay y=0, y =b. 9

The kinematic condition on the non-dimensional time-
dependent array surface x = €(X + §) can be written as
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oo X

N (acms acpa5) 0
ox ot ¢ ’ (10)

ayay 9z oz
while the equation of motion of the qth curved gate

coupled with a PTO device is given by

%X, 5 X,
eM +eSGXy + %V T

ot?
fqa { -4 G160}
= dyf dz(s— 11
(@q-1a -1 ot ( )

1 &
+ 825 |VCI>|2) + f szz},

-1

where M=M’/(p'2’®) is the non-dimensional mass of the
gate, $=S’/(g'p'A’*) the non-dimensional stiffness of the
Spring, Vyeo=V'pto/(AFw'p'A’) the non-dimensional PTO
coefficient while all the terms on the right-hand side
represent the contribution due to the dynamic pressure.
In (11) we have assumed the effect due to the PTO
damping force on the gate motion to be small if compared
to the other terms. Large values of v',;, comparable with
leading-order terms would render the equation of motion
at O(1) damped and unforced, so that a trapped-mode
solution would not be possible anymore. Assuming the
following scales: A'r~0(1) m, w'~0(1) rad s,
A'~0(10) = 0(10%) m, the values of V', that satisfy the
scale above are of order 0(10*) + 0(10°) Kg s

Now we demonstrate that these orders of magnitude
are physically congruent with power take-off systems for
practical engineering applications. If the array moves in-
phase,
radiation velocity potential yields the radiation damping
acting on each gate

solution of the linearized two-dimensional

Vv =

w'p'a’(sinh k'R')? <2k’h’ + sinh 2k'h')‘1 (12)

k'3 4k’
where k' is the real solution of the dispersion relation
w'? = g'k'tanh k'K (13)

Maximum power extraction efficiency requires
resonance and V' = v/, [3], hence expression (12) gives a
first estimate for the optimal damping that maximizes
generated power for a resonated surging WEC. If the gate
dimensions are of order 0(10) m, expression (12) yields
v ~0(105) Kg s, i.e. a value comparable with the PTO-
coefficient scaling assumed in this work. This means that
nonlinear effects due to hydrodynamic contributions can
be important because they are comparable with the PTO
damping term. Thus, neglecting nonlinear hydrodynamic
terms might cause one to overlook constructive resonance
phenomena like the synchronous resonance mechanisms
analysed here.

I1I1. PERTURBATION HARMONIC EXPANSION AND THREE
TIMING

Let us assume the following expansions for the
unknowns up to the third order 0(%):

{®, ? X}=
= Z {q)lm' Nim» le}e—imt
m=0

2
—i (14)
+ Z S{q)Zm' an'XZm}e fmt
m=0

1
+ Z 82{¢3m'n3m')(3m}e_imt +%*,
m=0

where the symbol * denotes the complex conjugate of the
terms inside the series. We point out that the unknowns
above depend on the slow-time scales t; = et and ¢, =
€%t, respectively. Unlike the case analysed in [14], the
three-timing assumption is necessary here because of the
presence in the
representing the shape of the array. These terms give a
resonant forcing for the first-harmonic solution at the
second and third order, so that solvability conditions
must be applied in order to avoid secularities. Moreover,
the three-time scales add terms in the evolution equation
for the modal amplitude at the third order 0(e?) and the
corresponding stability analysis for the equilibrium states

governing equations of terms

increases in complexity.

Substitution of (14) into the governing equation,
boundary conditions and equation of motion (4)-(11)
allows us to split the nonlinear problem in a sequence of
linear boundary value problems of order #n and harmonic
m. Corresponding forcing terms and methods of solutions
are algebraically quite long and are not reported here for
the sake of brevity. Here we refer to [18] for mathematical
insights.

Here the synchronous excitation of a single trapped
mode by small monochromatic incident waves at the
second order O(e) is analysed. We remark that such
nonlinear dynamics is peculiar to curved gates and
nonlinear resonance mechanisms. Indeed, trapped modes
cannot be resonated in linear theories by normally
incident waves because of orthogonality between the
modal matrix and forcing terms, while flat systems do not
allow nonlinear excitation when the
incident waves are small if compared to the trapped wave
field. This is due to the absence of first-harmonic terms at
the third order that include the forcing incident wave
potential. In that case, the evolution equation would be
damped and unforced and the corresponding solution

synchronous

would be given by the trivial stable state.

V. NONLINEAR SYNCHRONOUS RESONANCE

The first harmonic problem at the leading order is
homogeneous and unforced, hence the corresponding

1371-3



MICHELE et al.: WEAKLY NONLINEAR THEORY OF AN ARRAY OF SURGING WAVE ENERGY CONVERTERS WITH CURVED

GEOMETRY

solution is given by the trapped mode only [7]. At the
second order, the inhomogeneous problem is forced by
products between the first order solution and the gate
shape function. Since w and ¢,, solve the 0(1) boundary
value problem, while the second order-first harmonic
problem for ¢,, is forced, a solvability condition must be
now applied to ¢, and ¢,, to avoid secularity. Let us
return back in physical variables except for the slow time
scales t; and t,. After some lengthy algebra, Green's
theorem over the entire fluid domain yields the following
complex evolution equation

g—i(l — % X =0, (15)

where y' is the amplitude of the trapped mode, while
the real coefficient c; represents a modulation of the
modal amplitude growth depending on gate curvature
and the first-order trapped mode solution. The evolution
equation (15) is linear, thus the corresponding solution is
given by

X (ty, t5) = 9'(t,)e st (16)

Note that flat gates yield cs =0, so in this case X’
depends on the super-slow time scale t, only (see also
[14]). At the third order, the inhomogeneous problem is
forced by second and first order solutions, respectively.
For the same reasons of the first harmonic problem at the
second order analysed before, we invoke the solvability
condition by applying Green's theorem to ¢';, and ¢',;
over the fluid domain 2. After some lengthy algebra we
obtain the following forced evolution equation of the
Ginzburg-Landau form [19] for the modal amplitude
depending on the slow time scale t,:

09’ .
—eziﬁ =9'(cy + icg) + 9"%9" (cy + icg)
2
—icgty (17)
+A'e & (c5+icy)
+ 19"V pocy,

where 9" is the complex conjugate of ¥'. The latter
equation now has additional terms when compared to the
evolution equation in [14] for flat WECs. These are the
new terms ¢, and cp, the complex forcing coefficient
(csticy) and the real coefficient cs.

The coefficients ¢, and cp represent, respectively,
detuning and damping caused by the shape of the array.
Flat gates (6’ = 0) give ¢, = cg = 0. We point out that ¢,
and cp are invariant for profiles that are symmetrical
about x’ = 0. The forcing coefficients cs and ¢, represent
the energy influx by the incident waves. Is it possible to
demonstrate  that both flat and
configurations about the vertical plane y' = b'/2 yield
¢s = cy = 0 and that cannot be resonated synchronously.

Concerning the other coefficients, cy represents
nonlinearity, cp is the radiation damping due to the

symmetrical

second-harmonic radiation at the second order while ¢,
represents the effects due to the linear PTO.

Instead of perfect resonance, let us consider a detuning
Aw between the trapped mode and the incident wave
frequency such that the ratio Aw'/w' = w,e? [14]. Then,
the evolution equation (17) becomes

09’

_lﬁ = 19_’(A(1), + Cy + iCB)
— 18
+ 929" (cy + icg) 18)
+ A!(cs+icu) + ig’vlptocL’
where
9 = grei(@2ta+ 32 (19)

Since the corresponding energy equation is given by

a|5’|2 =12 , ik
O] 2 (et Vi) - 20

— 24" Im{(cg — icy)0'}

and both coefficients c; and (cB +v’ptocL) are positive,
their effect is to damp the modal amplitude. Usage of
action-angle variables 9’ = R’e¥’ vyields a nonlinear
dynamical system in the unknowns R’ and v’

OR/ _ ! r 3

o ="R (cs + V' peocs) — R3cp + @
A'(cgsiny’ — ¢y cosyp’),

W' Aw' 2 A inw

Py Aw"+ R cy + o7 (cU siny + 22)

Cg COS l,bl).

The latter system admits nontrivial stable/unstable
states while trivial fixed points corresponding to R’ =0
are absent. In particular, nontrivial fixed points are given
by the roots of the following implicit equation in R":

_R’(v,ptoCL + CB + RIZCR) +
JA2(2 +c2) —R2(cyR?+ Aw’ +¢,)2 = (23)
0,

for which corresponding solutions can be obtained
through numerical methods. Equation (23) admits either
a single stable fixed point or the coexistence of three
roots, i.e. two stable points and one unstable saddle. This
depends on the values of both detuning Aw’ and PTO
coefficient v'y,,. Differently from what was obtained by
[14], the stable branch never coincides with the origin,
hence the amplitude at the equilibrium is always positive.

V. POWER EXTRACTION EFFICIENCY

Let us consider the simplest case of Q = 2 gates. This
system has two degrees of freedom, thus solution of the
homogeneous first-harmonic problem at the leading
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Fig. 2. Stable and unstable equilibrium branches for the first
configuration §';. The solid lines correspond to stable fixed points,
while the dotted line is related to an unstable saddle.

order yields a single out-of-phase trapped mode with
normalized eigenvector r, = {—1,1}.

Let us consider constant water depth h’' = 5 m and gate
width @’ =5 m. The amplitude of the small incident
waves must be at the second order, thus we assume A4’ =
01 m. Now, let us compare two different gate
configurations that can be of practical engineering
interest, respectively:

b my

== — 24
&y 105055 (24)

, b’ my' cosh 0.24(h' + z')
6’y = —cos—- —. 25)
10 b cosh 0.24h

The number 024 (in m?) inside §', denotes the
wavenumber corresponding to the eigenfrequency ' =
1.4 rad s™. This value has been chosen to check whether
matching of vertical eigenfunctions and gate profile gives
constructive resonant effects in terms of generated power.

Let us focus the attention on a fixed eigenfrequency
and analyse the effects of the PTO damping coefficient on
the dynamic behaviour. For example, take w' = 1.2 rad s!
and assume two values of v'p,,, respectively 10° and 10*
kg s1. The corresponding equilibrium branches defined
by (23) for configurations &'y and &', are plotted in Fig. 2
and Fig. 3. The continuous lines correspond to stable
fixed points, while the dashed line is related to unstable
saddles. Note that for large values of v/, the unstable
fixed point disappears, thus we have one stable fixed
point for the entire range of detuning Aw’ and absence of
non-trivial instability.

The corresponding capture factor, which assesses the
system’s efficiency, reads [5]

B 2V peo (@' + Aw')? ZqQ=1 7R

CF Par; ’ )
E'C'yb

(26)

04 - . .

01r

Vpto = 10* kg g1

O 1 1
-0.3 -0.2 -0.1 0 01

Aw (rad S_l)

Fig. 3. Stable and unstable equilibrium branches for the second
configuration §',.

where the term at the numerator of (26) is the generated
power by the array, the denominator represents the
energy flux by the incident waves per array width b,
while

'A% (0" + Aw'
g - PgA( )(

2k'n’ -
) 4_kr . ( )

sinh 2k'hn’

In the latter equation, both group celerity €'y and
wavenumber k' are related to the frequency (' + Aw").

Fig. 4 and Fig. 5 show the maximum of C* for the
configurations 8’y and &',, respectively. The maximum
value is 0.7 for §’y. This means that a device designed to
resonate synchronously trapped modes can achieve
significant efficiency. Fig.5 also shows that € has a
smooth trend without maxima or
correspondence of w’ = 1.4 rad s'. Therefore, matching
the gate profile to the vertical eigenfunction does not give
significant contributions. Finally note that configuration

minima in

8’y is more efficient than §',. This is because the forcing
coefficients ¢y and ¢y for the first configuration are always
greater than the coefficients for configuration 2, hence
forcing contributions over §; are greater as well.

VL CONCLUSION

We analysed the hydrodynamic interactions between
an array of curved surge-type WECs and weakly
nonlinear waves in a semi-infinite channel. Perturbation
expansion and three-timing with two slow-time scales
allowed us to find the complex evolution equations of the
Ginzburg-Landau for
damping, detuning and forcing coefficients that are
dependent on the array shape function and its derivatives
appear in the equation. This dynamic is possible only for
nonlinear theories, because forcing contributions now

synchronous excitation. New

depend on the products between the gate shape function
and second order velocity potentials at the third order.
Then the effects of curved shapes on the synchronous
resonance mechanism are investigated by comparing two
WEC configurations of practical engineering interest. We
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Fig. 4. Behaviour of the capture factor C* for the first

configuration §';. versus the eigenfrequency w for different values of
V'pto- The maximum value is 0.7, i.e. a value significant for design
purposes.

found that effects of synchronous interactions on the
generated power can be substantial for optimization
purposes. This highlights the importance of including
nonlinear resonances in the cost-benefit analysis when
choosing the gate shape.

We also demonstrated that the PTO damping term at
the third order is physically coherent with systems for
power absorption and that can be comparable with
higher-order hydrodynamic terms.

We assumed the PTO coefficient be the same for each
gate and constant in time. Variable values modify the
equation of motion at the third order, and the
mathematics in complexity. This is an
interesting aspect that will be investigated in the close
future.

Moreover, in this work we analysed the case of
normally incident waves. Oblique waves of small
amplitude excite normal modes at higher orders and
remove the symmetry in the equation of motion at the
second order. This can be important if the WECs are in
real seas conditions where the direction of the incoming
waves is not necessarily orthogonal to the array surface.

Finally, damping effects such fluid shear stresses and
vortex shedding between adjacent gates are inevitable in
real conditions. These detrimental effects reduce the gate
oscillations and the corresponding generated power and
should be considered to better evaluate the efficiency of
the WEC array.

increases
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